Why do forces add vectorially? A forgotten controversy in the foundations
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Despite the routine treatment it receives today, the parallelogram of forces was the subject of
controversy, especially during the 19th century. The controversy concerned the reason why forces
compose vectorially. If the parallelogram law is explained statically, then the parallelogram law
transcends the laws of dynamics. Alternatively, if the parallelogram law is explained dynamically,
then it becomes merely a corollary to Newton’s second law. I examine the three most important rival
approaches to explaining the parallelogram law and identify their principal strengths, weaknesses,
and consequences. The dispute among these approaches ultimately turns on whether the
parallelogram law would still have held, if forces had not been governed by Newton’s second law.
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I. INTRODUCTION

In today’s elementary mechanics textbooks, the parallelo-
gram law for the composition of forces is usually introduced
as one aspect of a fundamental property of forces: They can
be represented as vectors. The question of why forces can be
so represented typically receives scant attention. But it was
not always so. Textbooks in the 18th, 19th, and even early
20th centuries frequently devoted considerable attention to
various subtle and ingenious derivations of the parallelogram
law from allegedly more fundamental principles. Surprising
as it might be to us today, the parallelogram law’s proper
explanation was a matter of lively debate. In the words of a
standard reference work from 1880: “The doctrine of the
parallelogram of forces has given rise to much controversy,
not as to its truth, but as to its derivation....”!

The main point at issue was whether the parallelogram of
forces is explained by dynamics or by statics. If it is ex-
plained dynamically, then (in the words of a 1904 textbook?”)
“statics thus becomes a special case of dynamics, when the
forces concerned happen to be in equilibrium.” The paral-
lelogram law becomes just a corollary of Newton’s second
law of motion. In contrast, if the parallelogram law is ex-
plained by statics, then statics is autonomous: The laws of
statics are separate from and transcend the dynamical laws.

Although this controversy has largely dropped out of sight
(and even out of the history of vector analysis3), it deserves
wider visibility. In this article, I examine the three main ap-
proaches to explaining why the parallelogram law holds. I
start with the dynamical explanation in Sec. II. Its advocates
portrayed it as Newton’s own approach and as demonstrating
how the parallelogram of forces arises from Newton’s second
law and the parallelogram of displacements. The dynamical
argument depicts the parallelogram of forces as partly rooted
in the same geometric principle as the parallelograms of ve-
locities and accelerations. However, the dynamical explana-
tion was criticized for failing to reflect the independence of
the parallelogram of forces from Newton’s second law and
any other dynamical principle.

In Sec. III, T present the most widely accepted static ex-
planation in the mid-19th century, which originated in an
1804 paper by the otherwise obscure French physicist
Charles Dominique Marie Blanquet Duchayla.4 This expla-
nation exploits the “principle of the transmissibility of
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force,” which concerns rigid extended bodies rather than
mass points. Consequently, critics of this argument’s ex-
planatory power objected that the parallelogram of forces is
not confined to forces acting on extended bodies. Duchayla’s
explanation was also criticized for failing to give a unified
explanation of the resultant force’s direction and magnitude.
Nevertheless, Duchayla’s argument had many advocates who
praised it for correctly capturing the parallelogram law’s in-
dependence from dynamics.

In Sec. IV, I examine Siméon Denis Poisson’s static
explanation,5 which became increasingly popular in the late
19th century. Like Duchayla’s argument, Poisson’s explana-
tion belongs to statics. But it avoids the “principle of the
transmissibility of force” to which Duchayla appealed, using
instead various symmetries, dimensional considerations, and
the property that two forces have a unique resultant deter-
mined entirely by their magnitudes and directions. Advocates
of Poisson’s argument saw it not only as giving a unified
treatment to direction and magnitude, but also as applicable
to a wide range of quantities, explaining why they all com-
pose vectorially despite their diversity.

In Sec. V, I present a summary and discussion. I propose
that the dispute among these rival explanations ultimately
concerns whether the parallelogram law transcends Newton’s
second law and the transmissibility principle, or whether it
depends on one of them. That is, the dispute turns on
whether or not the parallelogram law would still have held,
even if Newton’s second law or the transmissibility principle
had not. If so, then the parallelogram law cannot depend on
either of these principles.

These rival explanations of the parallelogram law make an
interesting case study of the way that alternative formula-
tions of the same principle can differ in their explanations,
the facts they unify, and the relations they regard as coinci-
dental. This dispute also illustrates how questions about one
principle’s explanatory dependence on another can remain
unsettled long after the principles themselves have been
firmly established. Students would benefit from observing
how textbooks that agree on various familiar principles of
mechanics can disagree over which of these principles are
responsible for the others.
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Fig. 1. The dynamical explanation.

II. THE DYNAMICAL EXPLANATION OF THE
PARALLELOGRAM LAW

The parallelogram law for the composition of forces first
appeared i in 1586 in Simon Stevin’s Principles of the Art of
Wezghzng (The parallelogram law for the composition of
velocities was known to the ancients. It was stated in Me-
chanical Problems,7 which is traditionally ascribed to Aris-
totle but may have been written by one of his early follow-
ers.) The parallelogram of forces seems to have been widely
recognized by Newton’s day because both Pierre Varignon
and Bernard Lamy stated it in the same year (1687) as New-
ton published the Principia. 8

Physicists who 1nterpret the parallelogram of forces as
arising from dynam1cs typ1cally characterize the dynamical
explanation as having been given (at least loosely) by New-
ton in deriving Corollary 1 from his second law of motion. '
The dynamical explanation follows Newton’s derivation in
applying the second law not only to the resultant force, but
individually to each of the two component forces, thereby
basing the parallelogram law in the two forces’ indepen-
dence. The dynamical explanation also follows Newton’s ar-
gument in basing the parallelogram of forces on the paral-
lelogram of accelerations. The dynamical explanation begins
by noting that the accelerations produced independently by
two forces are in the directions of those forces, are propor-
tional to their magnitudes, and are composed parallelogram-
wise. Because the resultant force is in the direction of and
proportional to the resultant acceleration, the two forces must
likewise compose parallelogram-wise.

Suppose a point particle of mass m is acted on by two
forces represented in magnitude and direction by line seg-
ments AB and AC with lengths b and c, respectively, and
enclosing angle BAC measuring « radians (see Fig. 1, whrch
was often used to illustrate the dynamical explanatron h. By
Newton’s second law, the two forces cause accelerations in
their respective directions represented by segments AB’ and
AC' with lengths b/m and c/m, respectively. The resultant
acceleration is represented by the diagonal of parallelogram
AB'D’'C’, with length

V(bIm)? + (c/m)* + 2(b/m)(c/m)cos «. (1)

By Newton’s second law,12 the resultant acceleration is asso-
ciated with a resultant force directed along the diagonal with
magnitude

m\s’/(b/m)2 + (c/m)* + 2(b/m)(c/m)cos a, (2)

which simplifies to

Vb2 + ¢+ 2bc cos a. (3)

Equation (3) is the length of the diagonal of the parallelo-
gram having segments AB and AC as adjacent sides.
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Advocates of one derivation of the parallelogram law tend
to defend it over others not primarily on the grounds of its
being shortest, simplest, or easiest for students to grasp.
Rather, the greatest emphasis is typically placed on whether
a given derivation is philosophically (or methodologically)
correct, that is, whether it correctly identifies which prin-
ciples are responsible for the parallelogram law. For ex-
ample, in arguing for the dynamical derivation, William Th-
omson (Lord Kelvin) and Peter Guthrie Tait emphasized that

“we believe it contains the most philosophical foundation™"?
for physics. In contrast, the dynamical argument’s critics
generally charge it not with being unnecessarily complicated
or difficult to follow but rather with being “unnatural and a
defect in method”" (1n the words of an American advocate
of Poisson’s explanation, given in Sec. IV). Although the
statical derivations are arguably more complicated than the
dynamical derivation, their advocates (as the following sec-
tions will illustrate) tend to advance them on philosophical
rather than pedagogical grounds—in particular, as reflecting
the actual relations of explanatory dependence among vari-
ous physical principles.

A common objection to the dynamical explanation is that
the law determining the resultant of two forces is fundamen-
tally nothing more than the law determining which three
forces combine to yield zero force, because forces F and G
combine to yield force R if and only if F, G, and a force
equal and opposite to R combine to yield zero force."® Fur-
thermore, the law determining which forces combine to yield
zero force (that is, which forces are in equilibrium) is inde-
pendent of what would happen in a non-equilibrium case.
That is, the law determining which forces are in equilibrium
is not based on the precise connection between force and
motion. Therefore, notions such as motion and mass should
not enter into an explanation of the parallelogram law.

However, these notions figure prominently in the dynami-
cal argument. It turns on the relation between force and mo-
tion. But because in equilibrium there is no effect on motion,
and because the law of the composition of forces is equiva-
lent to the law specifying the conditions of equilibrium, the
particular motion that would ensue under non-equilibrium
must be irrelevant to the parallelogram law’s explanation. Its
irrelevance is demonstrated (according to this objection to
the dynamical explanation) by the fact that the mass m is
introduced into the dynamical argument only to cancel out in
the step from Eq. (2) to Eq. (3). According to this objection,
m serves in the dynamical argument as an artificial device
like an arbitrary auxiliary line drawn to facilitate the proof of
a geometric theorem, but having nothing to do with why the
theorem holds.

Critics of the dynamical argument often cite William
Whewell as having pressed the case against the dynamical
explanation in the first half of the 19th century. (Whewell,
who rose from undergraduate to Master at Trinity College,
Cambridge, was an immensely influential polymath who not
only won a gold medal from the Royal Society for his re-
search on ocean tides, but also wrote prolifically on a wide
range of subjects, including mechanics, logic, and the history
of science. He also coined the terms “scientist” and “physi-
cist.”) For example, James Challis (the Plumian Professor of
Astronomy at Cambridge, most famous today for having nar-
rowly missed discovering Neptune in 1846) praised Whewell
for having done “away with the illogical method of proving
the parallelogram of forces by means of bodies in motion,
which had previously been adopted in English works” (ital-
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ics in the original).'6 Whewell characterized the parallelo-
gram of forces as “independent of any observed laws of
motion.”"” He wrote:

“The composition of motion... has constantly been
confounded with the composition of force. But... it
is quite necessary for us to keep the two subjects
distinct.... The conditions of equilibrium of two
forces on a lever, or of three forces at a point, can
be established without any reference whatever to
any motions which the forces might, under other
circumstances, produce.... To prove such proposi-
tions by any other course, would be to support
truth by extraneous and inconclusive reasons...”'®

Many physicists have agreed with Whewell that the dy-
namical argument cannot explain why the parallelogram of
forces holds because the parallelogram law depends exclu-
sively on statics. For instance, William H. Macaulay (the
English mathematician and physicist after whom “Macaul-
ay’s method” for determining the deflection of beams is
named) emphasized that this objection to the dynamical ex-
planation is philosophical rather than pedagogical:

“[T]o make [the parallelogram of forces]... depen-
dent on a theory of mass, as appears to be usual in
modern text-books, somewhat grates upon one’s
sense of logical order.”"

In contrast, the dynamical explanation’s defenders fre-
quently praised it for unifying the parallelogram of forces
with the parallelograms of accelerations and velocities, giv-
ing them a common origin in the parallelogram of displace-
ments. For example, after characterizing Whewell’s proposed
static explanation as “forced and unnatural,” one proponent
of the dynamical explanation wrote:

“With regard to mechanics itself, the extended and
comprehensive view of this subject would embrace
what are usually termed the parallelogram of
forces and the composition of motion (or the ‘par-
allelogram of velocities,” as it is sometimes called)
in the same fundamental idea. The separation of
these two things—which are in reality but one—is
justly censured by Lagrange, as depriving them of

5 9

their ‘evidence and simplicity’.

In a remark widely endorsed”’ as capturing an important
feature of the dynamical explanation, Lagrange wrote that
the dynamical explanation “has the advantage of demonstrat-
ing clearly why the composition of forces necessarily fol-
lows the same laws as the one of Velocity.”22 As T will dis-
cuss in Sec. IV, a similar unification argument is used to
defend Poisson’s static explanation of the parallelogram law.

ITII. DUCHAYLA’S STATIC EXPLANATION

The explanation of the parallelogram law usually give:n23

in mid-19th century textbooks>* originated with Duchayla in
1804.7 Charles Dominique Marie Blanquet Duchayla was a
student at the Ecole Polytechnique in 1795-1796 (3 years
before Poisson). In 1806 he assisted Arago in his experi-
ments on the velocity of light. He became a naval engineer
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Fig. 2. Duchayla’s explanation of the rule for the inductive step.

and later taught at the academies in Turin, Montpelier, and
Aix. His 1804 paper was apparently his only scientific
publication.2

Although Duchayla’s derivation is subtle and complex,
19th century textbooks commonly presented it in full. For
example, an 1893 applied mechanics text intended for engi-
neering students devoted three pages to giving it in detail. 4
To illustrate the argument’s steps, I will use the same figures
that many textbooks employed. Duchayla’s explanation pro-
ceeds like a proof by mathematical induction. I will start (as
was customary) with the rule for the argument’s inductive
step, giving Duchayla’s account of why the rule holds. Duch-
ayla appealed to the “principle of the transmissibility of
force.” Then I will give Duchayla’s argument by induction,
whereby he explained why the parallelogram law gives the
resultant force’s direction. Finally (continuing to follow the
standard order of presentation), I will show how Duchayla
used the parallelogram law for the resultant’s direction to
explain why the parallelogram law also holds for the result-
ant’s magnitude.

Let us begin with the rule for the derivation’s inductive
step: If forces P and Q, acting together at a point, result in a
force directed along the diagonal of the parallelogram repre-
senting the two forces, and if the same applies to forces P
and R acting together at the same point, with R acting in Q’s
direction, then the same applies to P acting together with the
resultant of Q and R. Here is Duchayla’s account of why this
rule holds. Let P be represented by segment AB (see Fig. 2)
and be directed toward B. Grant that the resultant of Q and R
(each directed toward E) is in their common direction and is
equal in magnitude to the sum of their magnitudes, and let it
be represented by segment AE, with Q represented by AC, so
that segment CE is the proper length and direction to repre-
sent R, except that R is actually applied at A rather than C.
Now Duchayla appeals to the principle of the transmissibility
of force, which says that when a force acts on a body, the
result is the same whatever the point (rigidly connected to
the body) at which it is applied, provided that the line
through that point and the force’s actual point of application
lies along the force’s direction. By this principle, although R
is applied at A, its effect is the same if it is applied at C
because AC is in the force’s direction. With the parallelo-
grams in Fig. 2 forming a rigid body, the three forces can be
applied to other points along their lines of action without
changing their resultant. By assumption, the resultant of P
and Q acts along the diagonal AD, so it can be applied at D.
It can then be resolved into P and Q acting at D. Q’s direc-
tion is along DG, so Q can be transferred to G. P’s direction
is along CD, so P can be transferred to C, where it meets R.
By assumption, their resultant acts along diagonal CG, so it
can be transferred to G, meeting Q. Finally, by the converse
of the transmissibility principle, AG must be along the line of
acgigon of the composition of P with the resultant of Q and
R.
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Fig. 3. Duchayla’s explanation of the resultant’s direction.

We see that Duchayla used the transmissibility principle
(and its converse) to explain why the rule for the inductive
step holds. Duchayla then appealed to symmetry to explain
why the resultant of two equal forces acting at the same point
is represented by an arrow from that point in the same plane
as the arrows representing the two forces and bisecting the
angle between them.?? This conclusion was the first step in
Duchayla’s inductive argument. Duchayla then considered a
given force F, another force G with F’s magnitude but in a
different direction, and a third force H identical to G, all
acting at the same point. Because the resultant of F and G
lies along the corresponding parallelogram’s diagonal, and
likewise for F and H, the inductive rule shows that the re-
sultant of F composed with a force of twice F’s magnitude
(the resultant of G and H) points along the corresponding
parallelogram’s diagonal. This argument can be repeated in-
definitely (initially with F, the force of twice F’s magnitude,
and H, but then with progressively larger multiples of F) to
extend the explanation to any two commensurable forces,
that is, to nF' composed with mF for any positive integers n
and m. Because any two incommensurable forces can be ap-
proximated to any desired degree by a pair of commensu-
rable forces, the explanation can be extended to any two
forces.

In this way Duchayla explained why the parallelogram
law holds with regard to the resultant’s direction. The final
step of Duchayla’s argument aims to explain why it also
holds for the resultant’s magnitude. Let AB and AC (see Fig.
3) represent two forces. Their resultant was just shown to
point in the direction of AD (the parallelogram’s diagonal).
Let AE extend AD in the opposite direction, its length rep-
resenting the resultant force’s magnitude. Duchayla showed
that the parallelogram’s diagonal represents the resultant’s
magnitude by showing AD equal to AE. The forces repre-
sented by AB, AC, and AE balance. Construct parallelogram
AEFB. The resultant of the forces represented by AB and AE
was just shown to point along the diagonal AF. Hence AF
must lie along the same straight line as AC. Because they are
opposite sides of parallelogram ACDB, AC and BD are par-
allel. Because AF and AC lie along the same line, AF is
parallel to BD. Because they are opposite sides of parallelo-
gram AEFB, AE and BF are parallel. Because AE and AD lie
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along the same line, AD is parallel to BF. Because AF-BD
and AD-BF are pairs of parallels, AFBD is a parallelogram.
Its opposite sides AD and BF are equal. As opposite sides of
parallelogram AEFB, AE and BF are equal. Therefore, AD
and AE (both equal to BF) are equal, as Duchayla set out to
show.™

So ends Duchayla’s explanation. Despite its length, mid-
19th centur?/ texts frequently praised it as “very simple and
beautiful.””? However, toward the end of the 19th century,
Duchayla’s argument increasingly came under heavy criti-
cism. Although all agreed that the parallelogram law can be
deduced by Duchayla’s procedure, his argument was increas-
ingly regarded as failing to explain why the law holds.** Two
specific deficiencies in Duchayla’s argument were commonly
cited.

Many physicists contended that the parallelogram of
forces does not actually depend on one of the key premises
in Duchayla’s argument: The principle of the transmissibility
of force. As Macaulay put it (echoing Whewell’s character-
ization of Newton’s second law as “extraneous” to the par-
allelogram law):

“Duchayla’s proof... held its own in text-books for
many years... in spite of the extraneous feature
which the appeal to the transmissibility of forces
intrudes. Logically the best form of proof seems to
be one on the lines adopted by Laplace.”33

(I shall turn to that form of explanation in Sec. IV.) The
Cambridge logician, mathematician, and economist W.E.
Johnson (who endorsed the familiar criticism of the dynami-
cal explanation as introducing “kinetic ideas which are really
nowhere again used in statics”) explained more fully why the
transmissibility principle is “extraneous” to the parallelo-
gram law:

“To base the fundamental principle of the equilib-
rium of a particle on the ‘transmissibility of force’,
and thus to introduce the conception of a rigid
body, 1is certainly the reverse of logical
procedure.”34

Whereas Macaulay and Johnson contended that the paral-
lelogram law, as a fact about point particles, cannot rest on a
fact about rigid extended bodies, proponents of Duchayla’s
explanation contended that statics is concerned fundamen-
tally with rigid extended bodies rather than material points.
As Challis put it, “Statics is restricted to the equilibrium of
rigid bodies.”™

The emphasis that Macaulay and Johnson placed on cor-
rect “logical procedure” is similar to the philosophical
grounds on which the dynamical argument is generally
evaluated. Although Thomson and Tait differed from
Macaulay and Johnson in favoring the dynamical explana-
tion, they joined Macaulay and Johnson in criticizing Duch-
ayla’s argument for appealing to the transmissibility prin-
ciple. With Duchayla’s explanation in mind, they criticized
derivations of the parallelogram law involving

113

. the introduction of various unnecessary Dy-
namical axioms, more or less obvious, but in real-
ity included in or dependent upon Newton’s laws
of motion.”*®
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Thomson and Tait criticized these derivations not for being
difficult to follow, but primarily for misrepresenting which
principles really depend on others. According to Thomson
and Tait, the parallelogram law and the transmissibility of
force do not reside in an autonomous statics, but arise to-
gether with dynamics from Newton’s laws.”’

The second deficiency that critics identified in Duchayla’s
proposed explanation is that it incorrectly represents the way
in which the parallelogram law’s applicability for direction
relates to its applicability for magnitude. Duchayla’s argu-
ment depicts these two aspects of the parallelogram law as
having different explanations. Duchayla’s final argument ap-
peals to the parallelogram law for direction to explain why
the parallelogram law also holds for magnitudes. But rather
than one depending on the other, these two aspects of the
parallelogram law must (according to this objection) arise in
the same way from the same, more fundamental principles.

This objection is pressed, for instance, by the Caius Col-
lege, Cambridge mathematician (and later bishop of Carlisle)
Harvey Goodwin. Decrying Duchayla’s proof as “artificial,”
he focused on its final step (in which the parallelogram law
for the resultant’s direction is used to explain why the paral-
lelogram law holds for the resultant’s magnitude):

“[TThe extreme simplicity of this part of the proof
shews how intimate the connexion must be be-
tween the two parts of the proposition, a connexion
which I think we should not have been led to ex-
pect from anything occurring in the proof itself...
[From the proof of the parallelogram law for direc-
tion] there is not a shadow of a hint that... the law
will hold as respects magnitude: so that a very re-
markable proposition is proved by a mere artifice
without apparently the least reason in the nature of
things why we should anticipate the result.”®

IV. POISSON’S STATIC EXPLANATION

Poisson’s explanation perfected a strategy developed ear-
lier by Foncenex D’Alembert, Daniel Bernoulli, Laplace,
and Cauchy ? It became the chief rival to the dynamlcal
explanation toward the end of the 19th century %1t is not
susceptible to either of the two major objections to Duchay-
la’s explanation: it appeals to symmetries and dimensional
considerations in place of the transmissibility principle, and
it treats magnitude and direction together. Textbooks of the
period frequently devote several pages to giving the expla-
nation in full, often illustrating it with the same figures I
shall use.*!

The central step of Poisson’s derivation explains why the
parallelogram law gives the resultant of two forces P; and
P,, each of magnitude P, acting in directions subtending
angle 2x (less than ). The explanation begins with the
premise that the resultant of P; and P, must not only (by
symmetry) be coplanar with P, and P,, but also be un-
changed under an interchange of P, and P, and thus must
bisect the angle between them.*” Poisson then appealed to
the premise that the resultant must reflect only the two
forces’ magnitudes and directions. Hence, its magnitude R
must be some function f of P and x alone. Because R
=f(P,x) must hold in any system of units for R, P, and x,
f(P,x) must equal P*g(x) for some dimensionless « and
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direction of
resultant

Fig. 4. Poisson’s explanation for the special case of two equal forces.

some dimensionless function g.43 Because R and P%g(x)
must both have dimensions of force and P has dimensions of
force, it follows that a=1, and hence R=Pg(x).

Poisson had now reduced the problem to explaining why g
is in accordance with the parallelogram law. To create an-
other instance of two equal forces acting in different direc-
tions, let P; be the resultant of two forces, each of magnitude
0, subtending angle 2z (see Fig. 4). Hence P=Qg(z). Be-
cause R=Pg(x), it follows that R=0Qg(z)g(x). By the compo-
sition law’s rotational symmetry, these two forces rotated
through the same angle have P, as their resultant (see Fig. 4).
The resultant of the four Q forces is the resultant of P; and
P,, with magnitude R. The two inner Q forces in Fig. 4
create another instance of the same problem: Their resultant
bisects the angle 2(x—z) between them, and therefore it
points in the same direction as the resultant of P, and P, and
has magnitude Qg(x—z). Likewise, the resultant of the two
outer Q forces is in the same direction, with magnitude
0g(x+2z).

Poisson then invoked the principle that if two forces point
in the same direction, their resultant’s magnitude is the arith-
metic sum of their magnitudes. Therefore, as the magnitude
of the four Q forces’ resultant, R equals the sum of Qg(x
—z) and Qg(x+z). Because R=Qg(z)g(x), we have

0g(2)g(x) = 0g(x —2) + Qg(x +2), (4)
and thus

8(2)g(x) = g(x—2) + g(x +2). (5)
The solution to this functional equation is

g(z) =2 cos az, (6)
for arbitrary a. Therefore,

R=Pg(z) =2P cos ax. (7)

To determine a, Poisson assumed that if two forces are equal
and opposite, then they have zero resultant.* Although Pois-
son presented this premise as an independent assumption, it
follows from premises to which he has already appealed. If
equal and opposite forces are rotated by a half-circle around
an axis perpendicular to their common line of action, then by
rotational symmetry, the resultant is rotated by the same
amount. But because the two forces have merely swapped
places, the resultant must be unchanged because the resultant
depends only on the forces’ magnitudes and directions. The
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Fig. 5. Poisson’s explanation for the special case of two unequal, orthogonal
forces.

only resultant unchanged under such rotation is a zero result-
ant.

From Eq. (7) for R=0 when x=m/2 (remember that the
angle subtended by the two forces is 2x, see Fig. 4), it fol-
lows that @ must be an odd integer. But if a=3, for example,
then cos ax=0 for x=7/6, and so by Eq. (7), R=0. This zero
resultant for forces subtending an angle 2x=m/3 is disal-
lowed by Poisson’s premise that if two forces have zero re-
sultant, then they must be equal and opposite. Again, al-
though Poisson presented this premise as an independent
assumption, it follows from premises to which he had al-
ready appealed. If forces A and B have zero resultant, then
the resultant of A, B, and some third force is the third force.
But if the third force is equal and opposite to B, then by the
previous result, it and B have zero resultant. Therefore, the
three forces’ resultant must be A, which contradicts the re-
sultant’s uniqueness unless A and the third force are the
same, that is, unless A is equal and opposite to B®

By this reasoning, a cannot be an odd integer greater than
1. Hence, a=1, and thus by Eq. (7), R=2P cos x, which is
the length of the diagonal of the rhombus with side P, angle
2x. Thus, Poisson explained why the parallelogram law
works in the special case of two equal forces.

He then extended the explanation to unequal, orthogonal
forces. Suppose they are applied at P (see Fig. 5) and repre-
sented by PC and PC'. Complete the rectangle CPC'R. Use
the previous result to decompose each of these two forces
into two equal forces: one along the rectangle’s diagonal, the
other canceling its partner from the other force’s decompo-
sition. Draw diagonals meeting at D and draw line [,(l,)
through C(C') parallel to PR. Draw a line through P parallel
to CC', and let E(E’) be its point of intersection with 7,(l,).
Because PR bisects CC', C'D=DC, and thus PE'=PE (be-
cause [; and [, are parallel to PR). Treat PE’ and PE as
representing hypothetical equal and opposite forces acting at
P, directed toward E" and E, respectively. Because they have
no resultant, they can be joined with the PC and PC’ forces
without changing the resultant. EPDC(E'PDC') is a rhom-
bus, and therefore (by the result just shown) PC(PC’) rep-
resents the resultant of the forces represented by PE(PE')
and PD. Consequently, the resultant of the PC and PC’
forces is the force represented by the resultant of PD, PD
(again), PE, and PE’. Hence it is twice the force represented
by PD, which is the force represented by the diagonal PR.

Finally, Poisson employed a similar strategy to extend this
result to any two forces, completing his explanation of the
parallelogram law. Suppose the two forces are applied at P
(see Fig. 6) and represented by PC and PC'. Complete the
parallelogram PCRC'. Draw [,(l,) through C(C") parallel to
diagonal PR, draw a line through P perpendicular to PR, and
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Fig. 6. Completing Poisson’s explanation.

let E(E’) be its point of intersection with /;(l,). Draw a line
through C(C') perpendicular to PR, and let D(D') be its
point of intersection with PR. Triangles CRD and C'PD’ are
congruent because they have two pairs of angles and a pair
of corresponding non-included sides congruent: Angles CDR
and C'D'P are congruent (both are right angles), PC'=CR
(they are opposite sides of a parallelogram), and angles CRD
and C'PD’ are congruent (as alternate interior angles).
Therefore, CD=C'D’, and thus PE=PE’. Treat PE and PE’
as representing hypothetical equal and opposite forces acting
at P, directed toward E and E’. Because they have no result-
ant, they can be joined with the PC and PC’ forces without
changing the resultant. CEPD(C'E’'PD') is a rectangle, and
thus (by the result just shown) PC(PC') represents the re-
sultant of the forces represented by PE(PE') and PD(PD’).
Consequently, the resultant of the PC and PC’ forces is the
force represented by the resultant of PD, PD’, PE, and PE’,
and therefore is the resultant of the forces represented by PD
and PD’. Because triangles CRD and C'PD' are congruent,
DR=PD’, and therefore the resultant of the PD and PD’
forces is the force represented by PR, thus explaining the
parallelogram law.

Unlike Duchayla’s explanation, Poisson’s explanation
unites the parallelogram law for the resultant’s magnitude
with the law for the resultant’s direction. Except in the ex-
planation’s first stage, where the resultant’s direction follows
immediately from symmetry, the resultant’s direction and
magnitude are treated together throughout the argument. Un-
like the dynamical explanation, Poisson’s explanation por-
trays the parallelogram law as independent of the relation
between force and motion. Little about force in particular is
involved anywhere in Poisson’s explanation, suggesting an
objection expressed, though significantly not endorsed, by
the British mathematician Augustus De Morgan:

“[MJany have been puzzled by finding that the
thing which, by its very definition, tends to pro-
duce motion, is reasoned on... under a compact
that any introduction of the idea of motion would
be out of place. The statical proofs... seem to be
all geometry and no physics.” (italics in original)*®

Proponents of Poisson’s explanation seize upon this feature
as favoring his explanation over its rivals. It unifies the par-
allelogram of forces not only with the parallelograms of dis-
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placements, velocities, and accelerations, but also with the
parallelograms of gravitational fields, bulk magnetizations,
electric current densities through three-dimensional conduc-
tors, energy flux densities, water flux densities through soils,
sound and light flux densities through three-dimensional
media, entropy fluxes, heat flows—all quantities that are
composed by vector addition. If each of these various paral-
lelogram laws is explained by a Poisson-style argument, then
it is no coincidence that these quantities, despite their physi-
cal differences, all compose in the same way. Poisson’s ex-
planation shows why any quantity composes parallelogram-
wise as long as it exhibits certain features (namely, the
symmetries and other premises in Poisson’s explanation). As
Maxwell wrote:

“[T]he proof which Poisson gives of the ‘parallelo-
gram of forces’ is applicable to the composition of
any quantities such that turning them end for end is
equivalent to a reversal of their sign.”47

V. DISCUSSION

When today’s textbooks introduce the parallelogram of
forces, the discussion is typically confined to some empirical
evidence for the law and some examples of its application in
solving problems. That forces are vectors is generally treated
simply as a fundamental principle. Nowhere is it suggested
that there are several different ways in which the law might
perhaps be explained, or that anyone ever seriously tried to
explain why it holds, much less that its proper explanation
was ever the subject of sharp debate. I believe that it would
interest some students to learn not only about the various
accounts of why the parallelogram law holds, but also about
the various arguments given for and against these proposals.

These accounts and arguments illustrate several ways in
which rival explanations of the same law can disagree with-
out making different empirical predictions. The dynamical
explanation differs from the two static explanations in por-
traying the parallelogram law as arising from Newton’s sec-
ond law. Duchayla’s explanation differs from its two rivals in
describing the parallelogram law as depending on the trans-
missibility principle and therefore in taking mechanics as
fundamentally about rigid extended bodies. Poisson’s pro-
posal is distinctive not only in taking various symmetries and
dimensional considerations as explaining why forces com-
pose vectorially, but also in identifying features that forces
share with various other directed quantities and that are re-
sponsible for their all composing vectorially.48

These various accounts of the reason why forces add vec-
torially are genuine rivals. They are incompatible explana-
tions. Advocates of the dynamical explanation believe that
laws of statics, such as the parallelogram law, are corollaries
of dynamical laws. In contrast, advocates of a static expla-
nation do not believe that the parallelogram law may also be
explained dynamically. Rather, they believe (in Macaulay’s
words) that the static picture “gives a better view of its true
position,” whereas the dynamical picture “grates upon one’s
sense of logical order.” The idea that contrary to the dy-
namical account, Newton’s second law is “out of place” (as
De Morgan saidso) in an explanation of the parallelogram
law is nicely expressed by the English mathematician Olin-
thus Gregory:
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“It may be proper to remark here that the Compo-
sition and Resolution of forces, and the similar
Composition and Resolution of motions, are com-
pletely distinct objects of enquiry.... Some authors
have inferred from their demonstrations of the lat-
ter problem, the truth of the former: but this cannot
well be admissible, because wherever statical equi-
librium obtains there can be no motion, and of
course the principle on which the inference is
grounded [namely, Newton’s second law] is for-
eign to the nature of the thing to be proved.”S]

In this view, the parallelogram of displacements and the par-
allelogram of forces are properly unified not though New-
ton’s second law, but rather through forces and displace-
ments sharing the same symmetries.

What is at stake in this disagreement? What would make
the parallelogram of forces have a static rather than a dy-
namic explanation? That the parallelogram of forces is inde-
pendent of Newton’s second law was commonly expressed
by advocates of a static explanation as the idea that forces
would still have composed parallelogram-wise even if force
had not been governed by Newton’s second law—that is, even
if force had stood in a different relation to motion. For ex-
ample, in 1726, Daniel Bernoulli made a pioneering attempt
at giving a static explanation of the parallelogram of forces.
To motivate it, he suggested that a wide range of alternatives
to Newton’s second law might have held, but did not. Among
these “counterfactual” alternatives are that the resultant force
is proportional to the resultant acceleration’s square root, or
to its cube root, or to its square. But even if one of these
counterfactual possibilities had been the case, he maintained,
the parallelogram of forces would still have held.*

Whether the parallelogram of forces would still have held,
even if dynamics had not been governed by Newton’s second
law, seems to be the main fact in dispute between advocates
of static and dynamic explanations of the parallelogram law.
It was identified by the English mathematician James
Cockle, for instance, as the crucial respect in which the static
explanation developed by Bernoulli and Poisson contrasts
with the dynamic explanation favored by Thomson and Tait:

“[W]e may seek to arrive at the composition of
pressures, independently of the second law of mo-
tion, by processes which are valid whether that law
be a law of nature or not, and which would be
valid even if we had not any conception of motion,
and which, indeed, do not render it necessary to
consider whether pressure does or does not tend to
produce motion.”?

Likewise, the French mathematician and physicist Louis
Poinsot, in offering a static explanation of the parallelogram
law that (like Duchayla’s) appeals to the principle of the
transmissibility of force, maintained that the laws of statics
would still have held even if Newton’s second law had not
held:

“[T]n Statics properly so called it is not necessary
to know the actual effect of forces upon matter...
to ascertain, for instance, if a double force pro-
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duces upon the same body a double velocity, or if
the same force applied to a body of double the
mass produces but half the velocity, et cetera. [In
statics,] whatever the action of forces upon bodies
may be, be they [the forces] proportional or not to
their sensible effects, still the truths which we are
about to expound will remain no less the
same...”™

The parallelogram law’s invariance under certain circum-
stances is likewise the main point over which defenders of
Duchayla’s and Poisson’s explanations disagree. Advocates
of Poisson’s account hold that contrary to Duchayla’s ac-
count, the parallelogram law would still have held even if the
principle of the transmissibility of force had not been true.
For example, in the preface to his 1845 textbook, the English
physicist and mathematician Samuel Earnshaw (who first
proved Earnshaw’s theorem in electrostatics) wrote that al-
though he had decided to introduce the parallelogram law in
his book by proving it “after Duchayla’s method, by reason
of its simplicity,”55 this proof fails to explain why the paral-
lelogram law holds because of the same defect that Macaulay
and Johnson would later emphasize: Its appeal to the trans-
missibility principle. Like Macaulay and Johnson, Earnshaw
regarded Poisson’s argument rather than Duchayla’s as ex-
planatory:

“I think it necessary here to inform the reader that,
as [Duchayla’s] method is inapplicable when the
forces act upon a single56 particle of matter (as a
particle of a fluid medium on the hypothesis of
finite intervals), on account of its assuming the
transmissibility of the forces to other points than
that on which they act, I have, in an Appendix,
given [Poisson’s proof]....">

Earnshaw distinguished one proof’s pedagogical advantages
from another proof’s philosophical virtues. He then clarified
why the transmissibility principle cannot help to explain the
parallelogram law. Here counterfactual considerations enter:

“[Duchayla’s] method... can never be exclusively
adopted in a treatise which professes to take a
more philosophical view of the subject; for, were
the transmissibility of force not true in fact, the law
of the composition of forces acting on a point
would still be true; it is evident, therefore, that to
make the truth of the former an essential step in the
proof of the latter, is erroneous in principle.”55

According to Earnshaw, the key point is that the parallelo-
gram law cannot be explained by the transmissibility prin-
ciple because the parallelogram law would still have held
even if the transmissibility principle had not been true.”’

I conclude that facts expressed in such counterfactual
terms, which capture the dependence of certain laws on oth-
ers, are the principal point on which advocates of the three
rival explanations disagree. Accordingly, advocates of these
rival explanations all agree on one point: That (in Edding-
ton’s words) “the contemplation in natural science of a wider
domain than the actual leads to a far better understanding of
the actual.”*®
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